The Bose-Einstein condensates of alkali atomic gases are spinor fields with local "spin-gauge" symmetry. This symmetry is manifested by a superfluid velocity u s (or gauge field) generated by the Berry phase of the spin field.
whereψ m is the field operator, m is a label for F z , (−2 ≤ m ≤ 2), Φ is a scalar, and ζ µ is a normalized spinor. Since the hyperfine spins are aligned with the magnetic field, ζ is given bŷ B · Fζ = 2ζ, where F is the hyperfine spin operator. The dynamics of <ψ m > is therefore completely specified by that of the scalar field Φ, as in 4 He. One might then conclude that apart from extrinsic factors like density and external potential, there is no intrinsic symmetry difference between 4 He and alkali condensates. This is in fact the starting point of all current theories, which model the alkali systems as interacting dilute spinless Bose gases in harmonic potentials. Within these models, the effective Hamiltonian for the scalar Φ has a global U(1) gauge symmetry, as in 4 He.
The actual symmetry of the spinor field (eq. (1)), however, is much larger than U(1).
We call it local spin-gauge symmetry. It represents that a gauge change e iχ(x,t) of <ψ m > can be undone by a local spin rotation e −i(χ/F )B(x,t)·F . Because of this symmetry, the exact form of the effective Hamiltonian of the scalar Φ is not that of 4 He, but that of a neutral superfluid in a velocity field u s , or an electron in a vector potential potential A. The velocity (or gauge field) u s arises from the Berry phase of the spin field ζ. It is a direct reflection of the underlying spin-gauge symmetry. The purpose of this paper is to discuss various forms of spin-gauge effects.
As we shall see, the strength of the gauge field u s is proportional to the gradient of the magnetic field B. It is generally quite small because B is generally fairly uniform in the trapping region. While these may be a justification of treating the alkali system like dilute 4 He, we note that spin-gauge effects can be magnified rapidly by variations of trap parameters and particle numbers. As we shall see, despite its weakness, the effect of u s can be observed over a wide range of trap parameters in both normal and superfluid phases. Moreover, in the condensed phase, particle interactions can reduce the excitation energy so much that the spin-gauge effect are significantly magnified. In particular, when the excitation energy lies below that of the spin-gauge effect, the ground state will change abruptly to one reflecting this symmetry. Generally, spin-gauge effect increases as one moves away from the center of the atom cloud. Understanding of this effect is therefore important in view of the current effort to produce larger and larger clouds. It is also important to note that nonuniformity of the magnetic field, however small, is what leads to magnetic trapping. Spin-gauge effects are therefore intrinsic properties of magnetically trapped atomic gases. Our major findings are :
I. The adiabatic spin field ζ of the alkali system generates a superfluid velocity u s . Its
∇ × u s is specified by the magnetic field through a topological term, (eq. (5) below).
II. For cylindrical traps with static fields (or simply "static traps"), u s generates a Coriolis force which splits the degenerate harmonic energy levels. This splitting is independent of particle interaction and can be observed in both normal and superfluid phases.
III. For static traps, the "background" rotation −Ω s breaks the inversion symmetry of the vortex nucleation frequency Ω c1 . For appropriate trap parameters, the systems has a vortex ground state even in absence of external rotation.
IV. For cylindrical traps with time dependent fields, (or simply "dynamic traps"), Ω s has a quadrupolar structure. As a result, the inversion symmetry of Ω c1 is restored.
V. Adiabatic effects furnish a simple means to generate rotation of the atom cloud without physically rotating the entire trap.
To begin, we first discuss the effective Hamiltonian. For brevity, we shall call hyperfine spins "spins". The Hamiltonians of the alkali systems are of the form H = H s + V , where
is the single particle Hamiltonian, M and µ a = −µ B /2 are the mass and magnetic moment of the atom, µ B is the Bohr magneton, and the factor 1/2 is the g-factor of the alkali atom. B is a sum of magnetic field configurations which can be static or dynamic [1] . V is the two-particle interaction between the atoms. To form a trap, the Zeeman energy −µ a B (or their time average) must behave like a potential well. If {ζ (n) } are the spin eigenstates alongB, (B · Fζ
nµ B B(x, t) for the states ζ (n) . If µ B B is an attractive well, U (n) is confining (deconfining) for n > 0 (n ≤ 0). This means that spin-flips between n > 0 and n ≤ 0 states can cause atoms to leave the trap. Since V generally cause spin flips unless both atoms are in the maximum spin state along the same quantization axis, (in which case spin flips are prohibited by angular momentum conservation), it depletes all but the "adiabatic" spin states ζ (2) in the trap. The resulting system is an interacting Bose gas with spins aligned with the local field B(x, t).
To construct a theory for the adiabatic spin states, we expandψ m in terms of the
where F z |n >= n|n >. χ is arbitrary. It is the gauge degree of freedom of the system, and is usually chosen to make the spinor ζ (n) single valued. The effective Hamiltonian H can be obtained by rewriting the equation of motion
One then finds H = H ad + H nad + H etc . H ad , referred to as the "adiabatic" Hamiltonian, containsφ (2) only. H nad is the spin-flip (or nonadiabatic) Hamiltonian which consists of cross terms betweenφ (2) andφ (n =2) . H etc describes the transition between different n ≤ 2 states and can be ignored. Denotingφ (2) and ζ (2) asφ and ζ respectively, we have
where
where V (x − y) is a short range potential. The velocity u s is defined as
Eq.(3) describes a Bose fluid in a "background" velocity field −u s , or a charge e system in
, which is equivalent to a local gauge transformationφ→ exp(iF χ(x))φ.
This is a reflection of the underlying spin-gauge symmetry of ζ. The integral C u s · ds is the Berry's phase of ζ around a loop C. It can be easily calculated from the vorticity (Ω s ) of u s , which satisfies the Mermin-Ho relation [4] ,
Eq. (5) shows that the spatial variations of B necessary to produce the trapping potential will inevitably generate to a non-vanishing superfluid velocity u s .
In the rest of this paper, we shall focus on the phenomena associated with the adiabatic spin fields, (described by H ad only). Nonadiabatic effects will be discussed elsewhere [5] .
Typically, nonadiabatic effects of the trap can be ignored if its "Dirac center" is sufficiently far away from the atom cloud. The "Dirac center" is the point where B = 0 and that the unit vectorsB surrounding D wraps around the unit sphere n times, (n is a nonzero integer).
If D resides in the cloud, the adiabatic spin field around D will develop a line singularity emerging from D, (a Dirac string), which will cause a lot of spin-flips. As we shall see, increasing field gradients enhances spin-gauge effects but at the same time moves D closer to the cloud. The field parameters discussed below have all within the range to keep the Dirac center sufficiently far away from the cloud.
To be concrete, we consider "static traps" of the form, (∇ · B = ∇ × B = 0),
where r ≡ (x, y), G 1 and G 2 are the first and second order field gradients respectively.
Magnetic trap of the form eq. (6) is similar to that used in the 7 Li experiment [2] . It is convenient to express the field gradients as
The trapping potential U in eq.(3) can be expressed as
wherehΩ
For later use, we denote the longitudinal and transverse width of the ground state Gaussian of the harmonic well (eq. (7)) as a z and a ⊥ , where 
Thus, for |x| < L, spin-gauge effect generates a constant effective "rotation" −Ω s alongẑ.
An immediate consequence of Ω s is that it generates a Coriolis force on the alkali system.
This force can be detected by the applying an a.c. magnetic field alongx, b = be 
which has resonances at ω = ω ⊥ ± Ω s (for ω ⊥ >> Ω s ). The degenerate clockwise and counterclockwise harmonic modes ω ⊥ are split by the Coriolis force. This splitting exists in both normal and superfluid phases, and can be easily shown to be independent of particle interactions.
More pronounced effects can be found in the superfluid phase of alkali atoms with positive scattering length a > 0. Because of spin-gauge symmetry, the ground state energy functional becomes
When u s is small, eq.(10) can be written as E(Φ,
which is the Hamiltonian density of a scalar superfluid in a container rotating with frequency 
where R ⊥ is the transverse width of the condensate. Since Ω It should be noted, however, eq. (8), (7), (11) neglected terms higher order in |x|/L, which is justified only when R z ∼ 2R ⊥ < L, where R z is the longitudinal width of the condensate.
For sufficiently large G 1 or N, this condition will fail, at which point higher order terms in U and u s , as well as W begin to contribute and that the system will lose cylindrical symmetry.
The value of G 1 at which R z = L is marked by a circle on the curves in figure 1 , indicating that eq. (11) is only accurate to the left of the circle.
To calculate Ω ± c1 in the regime R z ≥ L, we have calculated the energies (E ± and E 0 ) of a ±2π vortex and the no vortex ground state using the full expressions of U, W, and u s .
The nucleation frequencies Ω ± c1 are related to these energies as Ω
Our calculated are performed within TFA, which in the present context amounts to replacing the kinetic energy by (h 2 /2M)(∇θ + Mu s /M) 2 |Φ| 2 and ignoring the (h 2 /2M)∇|Φ| 2 term. We have minimized this approximated energy subjected to the constraint of constant particle number N = |Φ| 2 , where |Φ| is the magitude of the order parameter of a ±2π vortex (and the no vortex state) in the E ± (and E 0 ) calculation. Our results are is shown in figure 2a and 2b, which plot the ratio η ± = Ω that the ratio Ω s /ω ⊥ , which describes the amount of energy level splitting in eq. (9) is of the order of 10 −3 for the range of parameters we considered, (which is easily verified from the expression of a ⊥ and Ω s ). This splitting, though small, is within the limit of detectability.
Note also that the Dirac centers of the static trap eq.(6) are located at (±L √ 8γ 2 + 2, 0, 2γL), (0, ±L √ 8γ 2 + 2, −2γL). For the cases we considered, λ = 1/2, hence γ = √ 4.5, these Dirac centers are quite far away from the center of the cloud as R z ≈ 2R ⊥ is at most 2L for all cases we considered.
To further illustrate the spin-gauge effect, we consider dynamic traps like those in the Rb experiment [1] ,
where B o /L is the field gradient, andn(t) =pcosω o t +qsinω o t is a unit vector rotating in a plane perpendicular tol, and (p,q,l) form an orthogonal triad. The adiabatic Hamiltonian H ad is now periodic in time with frequency ω o . Expanding H ad (t) in Fourier series of e −inωot , the time averaged (i.e. n = 0) term give rise to a static Hamiltonian of the form eq. (3) with
Whenl =ẑ, U has the cylindrical symmetric form eq. (7) with ω
The rotational frequency ω o has to fall in the range ω z < ω o < Ω Zee for the spins to follow the local magnetic field adiabatically [9] . Using eq. (5), the time averaged of the velocity field u s and Ω s associated with eq.(12) are found to be
Unlike the Ω s of the static trap, eq. (8), Ω s is a quadrupolar field which has mirror symmetry about the xy-plane. As a result, Ω
, which is similar to 4 He but is entirely different from the static trap [10] . To verify this symmetry in the regime where Ω s has similar strength
as Ω s in the static trap, the system has be to rotated up to the critical frequency Ω c1 , which can be as high as 100 rad/sec for G = 5000 Gauss/cm, B o = 5 Gauss, and N = 10 5 . While it is impractical to rotate the entire trap at such high frequencies, we point out below a simple way to rotate the trapping potential using the adiabatic effects.
Consider the case wherel deviates slightly fromẑ, hence causing U to deviate slightly from cylindrical symmetry. Ifl precesses aboutẑ with frequency ω p , ω p << ω ⊥ < ω o , U will rotate aboutẑ with the same frequency. (The time average now is to be understood as averaging over times faster than 2π/ω p ). Since U deviates only slightly from cylindrical symmetry, the corresponding vector fields u s and Ω s are essentially given by eq.(13). Since the rotation (ω ol ) and the precession (ω pẑ ) ofn can be generated by electromagnetic means from sets of stationary coils, rotation of the trapping potential can therefore be generated without physically rotating the entire trap. In a similar fashion, the potential U of the static trap can be made to rotate aboutẑ by the application of a small magnetic field rotating in the xy plane with frequency ω p << ω ⊥ [11] . Rotating the trapping potential in this fashion allows one to study the inversion asymmetry of Ω ± c1 in both low and high field gradient regime.
We have thus established Statement I to V. Our discussions also showshow that spin-gauge effects assume different forms in different traps. It is therefore conceivable that they can be made more prominent at lower field gradients by other ingenuous design of traps.
In a broader sense, spin-gauge effect is only a subset of a much larger class of phenomena associated with the topological excitations of the spin field, which are suppressed by the magnetic field in the current traps. Should it be possible to release part (or all) of the spins degrees of freedom in a new trapping design, the spin-gauge phenomena of the resulting condensate will be truly remarkable indeed.
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The bending of the vortex line will give rise to a superfluid velocity field more consistent with u s . The energy of this bent vortex is higher than that of the straight vortex but is lower than the no-vortex state. It is separated from the straight vortex state by a sizable energy barrier. For 23 Na with N = 10 5 , B o = 5Gauss, and G = 5000Gauss/cm, the bent vortex line appears when the external rotation ω = 1.15Ω c1 . The velocity u s also causes the single particle harmonic oscillator states to shift their origin along z by an amount proportional to their angular momenta, i.e. those states with L z > 0(< 0)
will displayed upward (downward).
[11] For (counterclockwise) rotating fields b r = ǫB o (cosω p t, sinω p t), ǫ << 1, the origin of U is displaced to ǫγλL(cosω p t, −sinω p t, 0) to the lowest order in ǫ, which undergoes clockwise rotation. On the other hand, an additional term −(ǫ/L 2 )[xcosω p t + ysinω p t]z is generated, which rotates in the counterclockwise direction and breaks cylindrical symmetry. It is this term that causes the system to generate vortices, as it extends over large distances. 
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